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ABSTRACT

n this paper, Hyers-Ulam stability of nonhomo- geneous nonlinear

second order differential equations are consid- ered. Conditions are

stated to transform nonlinear second order differential equations to

integral inequalities for easy application of Gronwall-Bellman-Bihari

inequality. Our results improved and extended some known results in
the literature.
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INTRODUCTION

The purpose of this paper is to study Hyers-Ulam stability of the following
equations:

u”(t) + a(t)u'(t) + b(t)u(t) + g(t) f(u(t)) = w(t)w(u(t))u'(t) (1.1)
and

w" () + d(E)y(u(t)) (v (1) = w(Hw(u(t))u'(t), (1.2)
for all t > O, with initial conditions
u(to) = u'(to) =0, (1.3)

where a(t), b(t), k(t), @(t), g(t) € C(R+), f(u), y(u), w(u), h(u) € C(R+,R:).
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The study of stability for various functional equations originated from a
famous talk of Ulam, 1960 who posed a problem concerning the stability
of functional equations:”"Give conditions in order for a linear function near
an approximately linear function to exist”. Since then, this question has
attracted the attention of many researchers. Note that the solution to this
question was given by Hyers, 1941 for additive functions defined on
Banach space in 1941. Thereafter, the result by Hyers 1941, was generalised
by Rassias 1978, Aoki, 1950and Bourgin, 1988. After that, many authors
extended the Ulam problem to other functional equations in various
directions. In 1998, Alsina and Ger investigated the Hyers-Ulam stability of
a differential equation. They have proved that for every differentiable
mapping f:1 - R satisfying |f(x) — f(x)| < € for every x € Il, where e > O is
a given number and I is an open interval of R, there exists a differentiable
function g:1 - R with property g'(x) = g(x) and |f(x) — g(x)| < 3 € for all
x € 1. The result of Alsina and Ger, 1998 was extended by Miura et al.,
2003a; Miura et al., 2003b , Takahasi et al., 2002, and by Takahasi, et al.,
2004 to the Hyers-Ulam stability of the first order linear differential
equations and linear differential equations of higher order with constant
coefficients. Furthermore, Jung, 2006a; Jung, 2006b; Jung, 2004; Jung
2005 has obtained result on the stability of linear differential equations
extending the results of Takahash et al., 2004. Rus, 2010a; Rus, 2010b has
proved some results on the stability of linear differential and integral
equations using Gronwall’s lemma and the technique of weakly Picard
operators.

Recently, Wang, et al., 2008 and Li & Shen 2010 proved the Hyers-Ulam
stability of the linear differential equations of the first order and the linear
differential equations of the second order with constant coefficients by
using the method of integral factor.

Many of the authors prefer to consider the Hyers-Ulam stability of linear
differential equations due to the fact that it can easily be handled. In this
paper, equations (1.1) and (1.2) will be transformed to integral inequalities
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using the conditions that we shall prescribe for application of
Gronwall-Bellman-Bihari inequality to study the Hyers- Ulam stability. The
results established in this paper through Gronwall-Bellman-Bihari
inequality extended some of the results in the literature.

PRELIMINARY

First of all, we give some definitions, lemmas and theorems which
are going to assistus in this work.

Definition 1

We say that equation (1.1) has the Hyers-Ulam stability, if there
existsa constant K; = 0 with the following property: for every € > O,
u(t) e C3(R-), if

[u”(t) + a(t)u' (t) + b(t)u(t) + g() f(u(t)) — (t)w(u(t)u'(t)] < € (2.1)

then, there exists some u,(t) € C?R, such that
lu(t) —uo()| < Kre.

We call such K* a Hyers-Ulam constant.

Definition 2:
Equation (1.2) is Hyers-Ulam stable, if given € > O and there exists
asolution u(t) € C%(R.), such that

lu”(t) + e(t)y(u(®)h(u'(t)) - kw(u(®))u (D) < €, (2.2)
in addition, there exists positive K7 and any solution uy(t) € C?R, of
the (1.2) with initial condition (1.3) such that

[u(t) —uo(t)| < Ka*€,

We call such K2+ Hyers-Ulam constant for the differential equation
(1.2).

Definition 3:

A function w: [0, ») — [0, «) is said to belong to a class W

if
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i. w(u) is nondecreasing and continuous for u>0
i. w(u) < w(%)for all uand v 21
iii. there exists a function ¢, continuous on [0, ) with
w(au) <= @(a)w(u) fora=0

Lemma 1: Bihari, 1957.

Let u(t), f(t) be positive continuous functions defined ona <t < b,(x «) and
K> 0, M 2 O, further let w(u) be a nonnegative nondecreasing continuous
function for u > 0, then the inequality

t
u(t) < K+ Mf f(s$)w(u(s))ds, to <t <b, (2.3)
to
implies the inequality
t
u(t) < Q1 (Q(k) + M f(s)ds> , g <t <V <b. (2.4)
to
Where
vodt
Qu) = /un o) 0 < ug < u. (2.5)

In the case w(0) > 0 or Q(0+) is finite, one may take uo = O and Q'is the
inverse function of Q and t must be in the subinterval [to, bo ] of [to, b]

such that
t

Qk)+M | f(s)ds € Dom(Q1).

to

Theorem 1: (Murray, 1974)
If f(t) and g(t) are continuous in [tO, t] < | and f(t) does not change sign in
the interval, then there is a point ¢ € [tO, t] such that f:og(s)ds =

ot
g(&) i fls)ds
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Theorem 2: Fakunle and Arawomo, 2018a; Fakunle and

Arawomo, 2018b; Fakunle and Arawomo, 2019, Fakunle

and Arawomo, 2022a; Fakunle and Arawomo, 2022b
Suppose u(t), r(t), h(t) € C(, R+) and $(u), B(u) € ¥ be nonnegative,
monotonic, nondecreasing, continuous and w(u) be a submultiplicative for u
> 0.
Let

u(t) < K + T[Lr'(s)ﬁ(u(s))ds + L tt h(s)w(u(s))ds (2.6)

for K, T and L positive constants, then

u(t) < Q71 (Q(K) +L '01 h(s)w (F" (F(l) +T r(u)du)) (Is)

to
t
| Nids
F (F(l) +T/lu r(s)d )
where B(u) 6= $(u), Q is defined in equation (2.5) and F(u) is defined as

P = [

Where F', Q' are the inverses of F, Q respectively and t is in the subinterval
(0, b) € I so that

(2.7)

0<ug <u, (2.8)

F(1)+ T/tr(s)ds € Dom(F 1)

to

and

QUK) + L/t h(s)w (F*l <F(1) + T/t: r(a)da)) ds € Dom(Q™1)

to

MAIN RESULTS

In this section, we establish the Hyers-Ulam stability of the nonlinear
differential equations (1.1), (1.2) as follow: Theorem 3. Assume the following
conditions

t
1
ifto mdsgp, forp>0andallfte Ry,
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(ﬁ—l)dsgm,form>0,

iii \u ()] < A, for A >0,
t) ﬁ(t)

v limgy—e0 \u( )|ds < d < oo, where d > 0,
to

t
vi limtn_)oo/ a(s)ds <1 < oo, wherel > 0,
to

t
vii limtg_,mf ~y(s)ds < j < 00, where j > 0,

to
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are satisfied and y, a € C(R+). In addition, let f, w € WY be continuous,
nondecreasing and monotonic, then equation (1.1) has the Hyers-Ulam

stability and Hyers-Ulam constant is given as

K= (mA+d+p) Q7 (Q1) + N (FTHEFQ) + D)) FL

Proof
Evaluating the inequality (2.1) we have

—e<u"(t) +a®)u'(t) + b(t)u(t) + g(t) f(u®)) — w(Bwu(t))u'(f) <

It is clear that

u"(t) + a(t)u'(t) + b(t)u(t) + g(t) f(u(t)) — s(t)w(u(t)u'(t) < e

Let
_u'@)

E(t) = 35 + v b(0) £0.

We obtain

B0 =500+ [ (“;'((j)) () ds.

to

Using equation (1.3), we have

E(to)) = 21 ”)) +ulty) =0,

It follows from equation (3.5) that

¢ u'(s ¢ u'(s
E(t) = /m (-u’(s) - b((s)) - d—ib(s)bzgsg) ds.
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Since b(t) is an increasing function, then d dsb(t) > O, equation (3.7) reduced

to
B(t) = ft: (u’(s) + ’g;(j))) ds. (3.8)

Substituting for u 00(t) in equation (3.8) by using equation (3.3), we have
E(t) < /10[ (u’(s) - ﬁ (a(s)u/(s) + b(s)u(s)

(3.9)
+9(8) f(u(s)) — (t)w(u(s))u'(s) — €)) ds.
Simplifying equation (3.9), we obtain
‘(@) 1 9(s) u(s —ﬂwze
£0 < [ (G - 006) + ) + 13 fu(e) ~ Fotule) o
gL) P '
b(s) ) “
It is clear from equation (3.4) that
u(t) < E(t) (3.11)
Using inequality (3.11) in inequality (3.10), we have
u(t) < ft ((Z( 3) = 1)u/(s) + u(s)
( ) to ( )( ) (312)
qgls RS s _ L )
+mf(u(s)) — @u(u(s)) b(s)) ds.
Expressing equation (3.12) further, we obtain
: a(s) 2
u(t) < [ ( Y/ (s)ds + [ u(s)ds
‘g(s) /8 41 o
S
/t“ Wf(“( s))ds — /[“ B) w(u(s))ds — e/t“ mds.
Taking the absolute value of both sides, we have
a(s) )
[u(t)] < (= 1)[“ (s)|ds + [u(s |(Is
/ b(s) / (3.14)

[—Mmﬁ/—MMMJb

It follows from (3.14) that
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lu(t)] < |u'(f)|/t (% —1)ds+ [ |u(s)|ds

! 4(s) o) % (3.15)
+/t“ mf(|ll(.e)|)d.e + /to Wwﬂu(s)])ds +e ; b(T)ds'

Using the conditions (i-v), we get

lu(t)] < mA+d + pe + j o(s) f(|u(s)|)ds + Af}(s)wqu(s)\)ds. (3.16)

to to
Simplifying equation (3.16) further we have
t t
|u(t)] < (mA+d+pe+ /z a(s)f(lu(s)))ds + A [ ¥(s)ew(|u(s)|)ds. (3.17)

Applying Theorem 2, we obtain
[u(t)] < (mA+d+p) e (1) + A

[ (e (o o)) o o)

Applying the conditions (vi)- (vii), we arrive at
[u(t)] < (mA+d+p) e (L) + Ajw (F1(F(1) + 1))
FY(F(1) +1)

(3.19)

Hence,
[u(t) — u(to)| < |ult)| < Kfe

Therefore,
Ki=(mA+d+p) Q1 (QL) +MNw (FHEFEQ) +D)) FHEL) +D).

Theorem 4:

Let u(t) € C 2 (I, R+) satisfies the differential inequality (2.2) for all t € | and for
some > 0, then there exists a solution uO(t) € C 2 (I, R+) of equation (1.2)
such that

u(t) — uo(t)] < Ke,
provided the following conditions are satisfied:
u(t)
i G(u(t)) =/ g(s)ds

fug
t

i limyy oo [ |¥/(8)|ds < T < oo, where YT > 0,
tn

158



Sustain@

. d
iii ¢(t) is nonincreasing then, d—sqﬁ(t) >0,

T
iv limtg_mo/ k(s)ds < 4, where § >0

to
Proof
From equation (2.2), we get

—e < u"(t) + o)y (w(t)h(v' () — r(t)w(u(t))v'(t) < e (3.20)
It is clear that
w”(t) + o(t)y(u(t)h(u'(t) — r(tw(u(t)w'(t) < e (3.21)
Multiplying equation (3.21) by u O (t) and integrating from to to t, we obtain

/11"(5)'1/(5)(13—0—/ o(s)y(u(s))h(u'(s))u'(s)ds
to to

t ¢ (3.22)
—/ K (s)w(u(s)) (' (s))%ds < e/ u'(s)ds.
to to
Using equation (1.3), we get
1 ! t ’ I
5 lu D)+ [ dls)y(uls)h( (s)u'(s)ds
, fo , (3.23)
—/ K(s)w(u(s)) (v (s))%ds < ef u'(s)ds.
to to
By Theorem 1 there exists I, i € [tO, t] such that
t
%(u’(z))'2 + h(u' (1)) [ﬂ o(s)y(u(s))u(s)ds _—
—(u'(p))* /l(. K(s)w(u(s))ds < (/[0 u'(s)ds.
By condition (i) we obtain
1 : d
—(u' () + h(u' (1)) &(s) G (u(s))ds
2 /,0 ds (3.25)

_(UI(”))Q/I K(s)w(u(s))ds < e/l u'(s)ds.

Integrating by part using condition (iii) we have
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t

S WO + b ()SOCD) - W () [ rls)lu(s)ds

Jto

, (3.26)
< 6/[0 u'(s)ds.
Put
h(u' (1) d(t)G(u(t)) < e/ u/(s)ds — %((1'(1))2
- (3.27)
—('11'(/1,))2/[ K(s)w(u(s))ds.
Taking the absolute value of both sides, we have
t
/ ’ 1 !
A(lu' (1)) (1)]G (u(t))] < 6/ [/ (5)lds + 5 (ju' (1)])*
fo (3.28)

+(|u’(u)\)2/t r(s)w([u(s)])ds.

Using condition (iii) of Theorem 3 and condition (ii) of Theorem 4, we get

1 t
B (DDSOIG(w(B)] < Te+ 53+ X2 f K(s)w(u(s)|)ds. (3.29)
Setting h(Ju O (1NDe®)IG(u(t))] = |u(t)|, we obtain
t
[(u(?))] < e (T + l)\2) + Azf K(s)w(|u(s)])ds. (3.30)

2 to

Applying Theorem 1
lu(t]) < e (T + %xz) 0! (Q(l) + A2 jt: n(s)ds) . (3.31)
Using the condition (iv), we obtain
lu(t]) < e (T + %A?) Q71 (Q(1) + A%). (3.32)

Hence,

Ju(t) — u(to)] < [u(t)] < K3e
Therefore,

Kj = (T + %)\2) Q71 (1) + %)
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Example 1:
Consider the following equation

u (t) + 24 (1) + Cu(t) + t5ut(t) = 32 () (8), t >0,

— 4 _zﬂ_iﬁ_—mi_i_q— H 2
Where b(t) =4, a(t) = 2, b - @ =t W T =¢7 the criteria of Theorem

3, we arrive at the result.

Example 2:
Consider the following equation

W (8) + 3P () (1) = 3P ()l (t), >0,
Using the criteria of Theorem 4, we arrive at the result.
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