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ABSTRACT

he study of Lamé operator remains an open problem because of its

rich symmetry and other algebraic properties. One of the essential

tools that is used in its study is the factorization technique. This

paper gives some of the answers to the questions that arise in the

consideration of the integration of the Lamé operator equation on
the elliptic curve using infinitesimal transformation.
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INTRODUCTION

Lam e equation in its different forms are second order ordinary differential
equations in the complex domain. They appear in literatures as Fuchsian
differential equations with four regular singularities e; = g(wq), e, =

P(wz), €3 = P(w3), €, = 0 Where w, =*222 (see Churchill 1989). In its

compact Weierstrass form

du

{( d ) — 00+ 1)p(u; g2, g3) — B} U(u)=0, ¢eC (1.1)

is defined on the family of elliptic curve

3

By, g = {yly2 = 4w’ — gyw — gs = 4] J(w - 05)3}

i=1
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where B is the accessory parameter which plays the role of the eigenvalue of
equation (1.1) and g(u) is the Weierstrass elliptic g-function. In the selfadjoint
Fuchsian form

4\/(;;(75)% (\/go(t)%\lf(t)) — e+ 1)t + BYU(), (1.2)

where, @(t) = (@® + )(b* +£)(c* +t) = (P(u) —e)) (P W) — &) (P(W) — e3) =
(a? — b?)? sn?a cn?a dn?a, and (a? — b?)? € R (see Wang et. al 1986, pp. 576-
580, §11.1). Here, t can assume any variable A, Y, v in the coordinates of the
ellipsoid.

The major existing technique for solving the Lam’e equation is the operator
factorization which gives elliptic solutions. The Ricatti equation plays an
intermediary role in the study of Supersymmetry (SUSY) factorization as well
as Lie symmetry analysis of Schr odinger operators. Hence, the need to
understand a technique of solving Riccati equation and its Lie symmetry
considerations cannot be overemphasized. The paper shall be outlined as
follows: section 2 deals with infinitesimal transformation and the solution of
Ricatti equations; section 3 deals with the Lie symmetry of Ricatti equations
and section 4 deals with our main results.

INFINITESIMAL TRANSFORMATION AND
THE SOLUTION OF RICATTI EQUATIONS

In this section, we examine the group theoretical approach of solving

ordinary differential equations using infinitesimal transformations.

2.1 Theorem (Hill 1992, p. 31). Consider the generalized Riccati equation
dy

L pw)y = glw) + r(w)y

2

which remains invariant under the transformation of the form
w, = f(wa E)a U = g(wa E)y

provided r(w) = q(w)s(w)2. Then the infinitesimal displacement functions
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with suitable canonical coordinates
() = sy, vlwy) = [ sat)a
Euwg,w
reduces the Ricatti differential equation to a solvable form
du e

dv
so that the solution of the Ricatti differential equation is

y(w) = 11') tan (L q(t)s(t)dt + C) .

Proof. Now, given the generalized Ricatti equation

wiy W

s plw)y = alw) +r{w)y?,

let
wy = f(wv E); 1= g(w7 E)y (21)
By one-parameter group infinitesimal transformation
w1 = w + e€(w) + O(e), w=yt+ewy+0(@).  (22)
Taking the derivative of equation (2.2) we have
dw, = dw+ef (w)dw+0(e?), dy; = dy+e[n (w)y(w)dw+n(w)dy]+O(e?)
(2.3)

Now taking the quotients of parametric derivatives in (2.3) we obtain by
first prolongation formula (see Gilmore, 2008,§16.2.2, p.287)

dyp _ dy + €[y (w)y(w)dw + p(w)dy] 2
dw, dw + &' (w)dw +0(€)

&+ el (wylw) + ) &)

— T+ e€'(u0) +0(e%)

= {:—fi’ - f[n'(tu)y(w) - r;(w):ll%] }{1 + cﬁ'(ur)}_ +O(e?)

- :T!j +¢ [q'(u!)y(m) + r,'('u.')] :11—::' + O(e?). (2.4)

as €2 - 0. Next, we show that the generalized Ricatti equation
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4 pwly = gw) + r(w)y’, (25)

remains invariant under the transformation (2.5) provided r(w) = g(w)s(w) 2
i.e.

d
o Py = g(wn) + r(w)y? (2:6)
w1
Now, from (2.5) we have
dw; = f'(w)dw, dyr = yg'(w)dw + g(w)dy (2.7)

so that taking the differential quotient we have

dyi oy (w)dw + gdy
dw, f(w)dw

P’ " Py de
Now, substituting (2.5) and (2.8) into (2.6), we have

P+ S0 L D)y = af () + (gl (29)

frw)

Multiplying through (2.9) by PTORL we obtain
dy g (w) 7 - f'(w) N F N2
T o) TPV @)y = af @) S+ (S @) w@)gw)y’.
(2.10)
Now, comparing (2.5) with (2.10) we have
pw) = T plw) ), (211
- f'(w)
g(w) = q(f(w)) (@)’ (2.12)
r(w) = r(f(w))f (w)g(w)y®. (2.13)
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Now setting,

flw) = w+e&(w) + O(e), (2.14)
gw) = 1+ en(w)+ O(e), (2.15)

p(f(w)) = plw+ef(w)+ O(*))
= plw) + e&(w)p'(w) + O(e), (2.16)

and similarly,
q(f(w)) = q(w) + ef(w)q' (w) + O(e?). (2.17)
Thus from (2.11)-(2.17) we have

RE n( 5+ @)+ ew)p (@)1 +e€'(w)) +O(€)

= enf(w)(1 4 en(w)) ™ + p(w) + €&’ (w)p(w) + & (w)p(w) + O(e?)
= erf (w)(1 = en(w)) + p(w) + €€’ (w)p(w) + €£(w)p'(w) + O(€?)
= e/ (w) + p(w) + €' (w)p(w) + e§(w)p'(w) + O(e?)
= p(w) + €[n' (w) + &' (w)p(w) + £(w)p' (w)] + O(e?)
=11/ (w) + &' (w)p(w) + &(w)p'(w) = 0
(2.18)
and

()
9(w)

= (q(w) + €£(w)q' (w)) (11 iif]{:j;) +O(€?)

= (q(w) + e€(w)q(w)) (1 + €€'(w)) (1 — en(w)) + O(e?)
(q<u>+e§( ) (w)(1 = enw) + €' (w)) + O()
a(w) + €[(€'(w) — n(w))g(w) + Ew)q (w)] + O(e)
w) = n(w))g(w) + §(w)q (w) = 0.

q(w) = q(f(w))

= (€(
(2.19)
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Also,
= r(f(w)) f'(w)g(w)y®
= (r(w) +6£(u ) (w)) (1 + €€ (w))(1 +€l}(u )) +O( 2y
:(:(u + e&(w)r' (w)) (1 + e(&' (w) + n(w))) + O(€*

= r(w) + €[(w)r'(w) + &' (w)r(w) + n(w)r(w ]+O
= {(w )I' w) + & (w)r(w) + n(w)r(w) = 0.
(2.20)

Now equations (2.11)-(2.13) can now be rewritten respectively as

7' (w) + (E(w)p(w)) = 0, F'= % (2.21)
nw) &)  ¢(w)
tw) ~ tw) T aw) ()
rw) | €w) | nw) .
) T Ew) T Ew) (223)
Substituting (2.22) in (2.23) we have
r'(w)  J€w)  d(w)
+ 2 + =0. 2.24
w) ) ) (224
Integrating (2.24) we have
log, [7-(1;;)52(71;)(1(11;)] = log,.Cy
= r(w)&(w)g(w) = C. (2.25)
Also integrating (2.21) we obtain
n(w) + {(w)p(w) = Co.
Now, let C2 = O, then we have that
% = —p(w). . (2.26)
Substituting (2.26) into (2.22) it is easily seen that we have
Ew) _ o dWw) (2.27)

Ew) q(w)”

which on integrating gives us
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log, £(w) = — / p(t)dt — log, q(w)

= &(w)

I
I
o]
o)
|
T
S
&
IS
—
It
ROt

where

s(w) = exp ( /_ p(t)dt).

Swg,w

Now from (2.26) and (2.28) we have
nw) = —p(w)é(w)
= )
P (w)s(w)
p(w)
q(w)s(w)

Furthermore, substituting (2.27) into (2.24) we have
ai) +2<—P(u') - qw)) + 7w _ 0

r(w) q(w) q(w)
r'w) " q (w) _
= r(w) 2p{w) — q(w)

On integrating (2.30) we arrive

rw) = a2 [ ploj)

= q(w)s*(w)

If we now choose our canonical coordinates to be

w(w,y) = s(w)y, r(u*,y):j_: s(t)q(t)dt,

Swo.w

(8'(w)y + ¢'s(w))dw,
s(w)q(w)dw,
so that taking the quotient of (2.33) by (2.34)

du

II

dov

93

(2:28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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du _ s'(w)y(w) + y'(w)s(w)
dv s(w)g(w)
_dw) oy, o
s(w) g(w)  g(w)
B AR S
= ) g) + o) [fp(“»)y +q(w) + r(w)y
_ sy sy )
s(w) q(w) q(w) — q(w)’
= i((!:")) q(lzlrr) + n(w)s(w)y + 1 + *(w)y? (from (2.29) and (2.31))
= s'(w) n(w)s(w ]1 s (w)y?
= | 5w)g@) +n(w)s(w) [y + 1+ s*(w)y
= [¢(w)s' (w) + n(w)s(w)]y + 1+ s> (w)y? (from (2.28))
B 2 o d(log, s(w))  s'(w) () — _M
= O+l+atuly ( do " sw) M= a(w))'
= 1+
By variable separable method we have
du ~dw
Lruz O

Integrating both sides, we have

tan "u = v+c

=u = tan(v+c)

= s(w)y = tan([E s(t)q(t)dt—l—c)

wy s w

Sy = ﬁtan( f: s(t)q(t)dH—c). (2.35)

w(,w

The result is obtained as required.
The above result holds where w,w, € C\[0, »)are two endpoints which are
connected by simple rectifiable curve g, .

LIESYMMETRIES

In this section, we discuss the Lie symmetries of differential operators
which is an important tool for the study of the group properties of a linear
differential operator. We know (Carifiena & Ramos, 1998, p.3) that Ricatti
equation of the form
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dz(w)

~ 2 = ao(w) + a1 (w)z(w) + az(w)A(w),  2(w) = 2(w) +iy(w) (3.1)
can be considered as a differential equation determining the integral
curves of w-dependent vector fields

X, = (ao(w) +ai(w)z + az(w)22> 822’ z = z(w) (3.2)

so that X, is the linear combination with w-dependent coefficients of the
three vector fields

0 B , 0

T=5 Je=¢ T =22 (3.3)

9z’ Jz
Now the Riccati equation associated to Brioschi-Halphen equation (BHE)

1 d
{(4w3 — gow—g3)D? + (1 —2n) (6w2 - Egz)D +4n(2n— Dw — 48}‘11 =0, D=—.

dw
(3.4)
can be obtained by setting
' (w)
) = Ftu)
Thus, the associated Riccati equation is given by
dz  4n(n — 1w — 4B N (1 —2n)(6w* — ga) _ IR

dw dwd — gow — g3 4w — gow — g3
Here, z = z(w).. This implies that the differential equation determining the
integral curves of w-dependent vector fields can be written as

X _An(n — 1w — 4B (1—271)(6&'2—92)"722 a
v dw? — gow — g3 dwd — gyw — gy 0z

Now let a; (w), a,(w), az(w) be functions related to the family elliptic curves
Eg4, g, Which are expressed by

o0

dn(n — 1)w — 4B _ Z

- v(1,5) +v(2,5) +v(3,5)) w;
4wd — gow — g3

ap(w) =
J=0

Z (1, 5) + (2, 5) + u(3,5)) w’; and

=0

= 2n)(6w? — go) B
dw?d — gow — g3

I

ay(w)

Il
=

asz(w)
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Here,

and

(1 - 2”)(665 - 92) i1
dles —e)(es —ey) °

,U(g,]) -

where s, t,t' =1,2,3,s #tand s = t'

The basis of the vector fields Xw made up of {7 J, J_} are the generators
of a Vessiot-Guldberg Lie algebra, (J J, J- ) = sf(2,C, which is made up of
traceless matrices having basis

01 1/1 0 00 .
E':([J n)' H’i(n 71)' E*(l 0) (3.5)

with Lie algebraic commutation
[H’E+} :E+’ [E—:H} :E—: [E+:E—} =2H. (36)

We remark here that the matrices H, E+, E- in (3.6) commute exactly as
the g J.J-in (3.3). It is also observed that J and J,generate a 2-
dimensional Lie subalgebra isomorphic to the Lie algebra of the affine
group of transformation in one dimension and same holds for J, and J_ .
The one parameter subgroups of local transformation of C generated by
J, J+ and J_ are respectively

e Translation wPrw+te
e Dilation wefw
e Infinitesimal/Mobios W

for which J_is not a complete vector field of C. However, a one point
compactification of C is practicable and then J, J, and J,could be
considered as the fundamental vector fields corresponding to the action
of SL(2,€) on the complete complex rectifiable curve. CP! = C U {oo}
given by
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w + 3 . )
QAw) = “oob i wF -
[ /

(A, %)

where,

Alternatively, the vector field Xw in (3.2) can also be written as
Xw = ag(w)X1 + al(w)Xg + (lg(w)Xg,

where
d 9 d a_ 90 o D
X, = pr Xo = T +ya—y. (z° —y )a:r +2,ry0y
which also span the Vessiot-Guldberg Lie algebra of vector fields
V = s#(2,C) which obeys the commutation relation

[Xl,XQ} :Xl- [Xl.X;;]:QXQ, [XQ.X;;] :X‘n;.

Hence, {Xw},ecpr € VX € Vand VX is finite-dimensional, which makes X
into a Lie system. Hence, it admits a superposition rule. This is an analogy
to what is obtained in (Munoz, 2015).

MAIN RESULT

Next, we compute the eigenfunctions of the Lam’e equation using the
infinitesimal transformation of its associated Riccati equation. Now having
obtained a quadrature (2.35) we now apply it to factorization of the Lamé
operator equation. The Lamé equation obtained from ellipsoidal
harmonics, takes the form

() 1den (A
PN d)\g )+§ d)(\)

Here o(t) = (a® + (B + D(c? + 1) = (W) — e) (@) — ex) (P (w) —e3) =
(a? — bH)%snacn?adn?a, K =n(n + 1) and (a? — b?)? € R. If without loss of

= (KA +O)e(\), r=1,2,3.  (41)
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generality we set wr = gy and the Lam’e operator equation (4.1) in self
adjoint form takes the form

df 1

Proposition 4.1
The Lamé equation (4.1) factors as

——d 1 ! (n(n+1)d¢ + E) !
|: Y(t)(l_f + H tan (le /Etn.t 74@ (15 + l\g)]

x [ ,:(r)% = L—l-tan(l\l/ ("“:1+—\/1}%;"El<15 + kg)] B(t) =0,
Ztg.t g

having the eigenfunctions

n . (f E)= exp{f -/Er.: kl\/ln,:(—r)tan (kl L W(l&k:g)(ﬁ}.

=T

Proof. Let the equation (4.2) factor as
Vi + 30| [Vt 5wt [vio o 43)

which on multiplying out gives us

Ve g (Veig

) 90 = Ve @)

—Velt)y(t) —+' FL vty =0
p(f)‘—l(\/ ) ‘]) ,(,,_( ;(f).u'(f>+.«f<f>)u~:o (4.4)

dt dt

Now comparing (4.2) with (4.4) we have
(n(n+ 1)t + E)

20y (1) + (1) = = =0
which can be rewritten as
gy = COEED) L s 45)

4/ (1) o(t)

Comparing (4.5) with the generalized Riccati equation in (2.5) we obtain
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(n(n+ 1)t +E) 1

p(t) =0, Q(t) = 1 (p(t) ) T(t) = _\/m

so that,

Ztg.t

s(t) = exp (1 p(C}dC) = constant k1 (say) (4.6)

From (2.35) we have

1 (n+1 E
(4.7) holds for the case t = A, v. For the case t = 1 we replace ¢(t) with —(t),
we have

Yalpt) = %tan (A‘l f: » Wdc - kz) neN  (4.8)

where (4.7) and (4.8) gives us the super potential for the operator (4.2) So
that (4.3) now becomes

{m% + k_l. tan (k:l j: (nt 16+ E) g, k:z)]

to.t 4V‘P(C)
—md L (n(n+1)C + E) R
|V g (k/ INE®) -4k ) v =0
(4.9)

Now, the eigenfunctions y = z/;,([)(t,E) are obtained by solving the 1st
order linear differential equation

E
[ go(t)% — %tan (kl /E!UJ %dg - kg)]ﬂ},(f)(t. E)=0,

which can be rewritten in the form

1 (w-,(,‘)(t,E)z 1 m(h/ (n(n+1)C + E)
on (t,E)  dt kiv/e(t) 2o 4V9(0)

Now, we integrate both sides of (4.10) to obtain

dC + /\2>
(4.10)
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log, ¥ (t, E) = [ k ln(r)tan(kn / Wd(Jﬂk)dr
Jzo ke e W

(4.11)

where, 7 € [0,t]. Similarly, the eigenfunctions ¢(+)which satisfy the 1st
order linear operator equation

d 1o " ('H_(-n+1)C+E)( . () _
g+ gyan(i [ ) |i.m) (“’ |
4.12

are obtained as

Ut E) pr{ /5,,( " T(T)tan k1 .[E(n, a0 d¢+ky |dr

(4.13)

In the cases (4.11) and (4.13), t = A, v, analogously we obtain the
eigenfunctions in terms of t = u by replacing ¢(t) by —¢(t) for which we
obtain hyperbolic trigonometric solutions. In each case we obtain a
sequence of eigenfunctions {z/),([)(t,E)} {¢(+)(t, E)} €9y t=2Auv withn
€ N. The sequence generated allow for consideration of completeness of
the Hilbert space.

CONCLUSION

The result obtained in this paper shows a new alternative technique of
solving second order differential equations and in particular the Lamé
equation through a proper understanding of Lie symmetries and
infinitesimal transformation.
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